Abstract. We consider multidimensional arrays with at most 27 entries over the field with two elements, and their equivalence classes for the action of the direct product of general linear groups. The possible 3-dimensional formats are p × 2 × 2 (p = 2, . . . , 6), p × 3 × 2 (p = 3, 4), and 3 × 3 × 3; the possible 4-dimensional formats are p × 2 × 2 × 2 (p = 2, 3). In each case, we compute the orbits for the group action, and then we determine the rank of each orbit. In particular, we determine the maximum rank for these arrays over F 2 .
Introduction
By a tensor we mean an element of the tensor product of vector spaces. The rank of a tensor is the minimal number of terms in its expression as a sum of simple tensors. For a recent survey, with emphasis on algorithms and applications over fields of characteristic 0, see Kolda and Bader [4] . An equivalent problem is the computational complexity of sets of multilinear forms; see Bürgisser et al. [1] .
In the classical case of two vector spaces over any field F, we can express the problem in terms of p × q matrices (p ≥ q). The orbit representatives for the action of GL p (F) × GL q (F) are the q + 1 matrices of the form I r 0 0 0 (r = 0, . . . , q),
where I r is the r × r identity matrix and r is the rank. For more than two vector spaces, the situation is much more complicated. In this paper, we consider vector spaces over the field F 2 with two elements; the maximum rank of such a tensor can be higher than expected. For example, Kruskal [5] observed that over R the rank of a 3 × 3 × 3 tensor is at most 5, but von zur Gathen [7] has shown that over F 2 there exist 3 × 3 × 3 tensors of rank 6. In this paper we verify that the maximum rank is 6 and exhibit three inequivalent canonical forms of this rank. For tensors of format p × q × 2, see the recent results by Sumi et al. [6] , which complete earlier results of Ja'Ja' [3] . We verify that for tensors of formats 3 × 3 × 2 and 4 × 3 × 2, the maximum rank is 5, and we obtain respectively one and four distinct canonical forms.
Limitations on available computer memory impose a maximum of 27 entries, which restricts our study to the formats p × 2 × 2 (p = 2, . . . , 6), p × 3 × 2 (p = 3, 4), 3 × 3 × 3, and p × 2 × 2 × 2 (p = 2, 3). In each case, the set of tensors admits an action by the direct product of general linear groups. The canonical form of such a tensor is the lexicographically minimal element of its orbit under this group action. Since the rank is the same for tensors in the same orbit, once we have found the canonical forms, it is not difficult to find the ranks. A summary of our results appears in Table 1 . In the first seven cases, the group of symmetries is the "small group": the direct product of general linear groups. In the last three cases, the group of symmetries is the "large group": the semidirect product of the small group with the permutations of the equal dimensions. Orbits for the action of the small (large) group will be called small (large) orbits.
All computations were done with Maple 16 on a Lenovo ThinkCentre M91p Tower 7052A8U i7-2600 CPU (Quad Core 3.40/3.80GHz) using Windows 7 Professional 64-bit with 16 gigabytes of RAM.
Preliminaries
Let V 1 , . . . , V n be finite dimensional vector spaces over a field F. By a tensor we mean an element of the tensor product V 1 ⊗ · · · ⊗ V n . A simple tensor is one of the form v 1 ⊗ · · · ⊗ v n where v i ∈ V i , v i = 0 (i = 1, . . . , n). Every tensor is a sum of simple tensors, and the rank of a tensor is the minimal number of simple tensors occuring in such a representation. If we choose bases in each V i then we can identify a tensor X with a multidimensional array (x i1···in ) of format
We also use the term tensor for such an array, in order to avoid confusion with the data structures called arrays in Maple.
The flattening of a tensor X = (x i1···in ) is the row vector
where the entries are in lex order by subscripts:
where j is the least index for which i j = i ′ j . Conversely, the unflattening of such a row vector is the corresponding tensor. If F is the prime field F m with m elements, then we can encode a tensor X as the non-negative integer whose representation in base m is flat(X). Conversely, the decoding of an integer in the range from 0 to m d1···dn −1 is the corresponding tensor. The lex order on flattenings coincides with the natural order on integers. The minimal element of a set of tensors is defined in terms of this total order.
The direct product GL(V 1 ) × · · · × GL(V n ) of general linear groups acts on V 1 ⊗ · · · ⊗ V n in the natural way. The canonical form of a tensor is the minimal element in its orbit under this group action. For F = F m , the finite group
. If we choose a basis e 1 , . . . , e d for V then elements of GL(V ) correspond to d × d matrices over F m . For m = 2, the group of invertible d × d matrices is generated by two elements: the cyclic permutation e i → e i+1 (i = 1, . . . , d − 1), e d → e 1 , and the row operation e 1 → e 1 +e 2 , e i → e i (i = 2, . . . , d). Hence the direct product GL(V 1 )×· · ·×GL(V n ) is generated by a set G of 2n elements.
For a tensor X over F 2 , we use the spinning algorithm to compute its orbit. In the following pseudocode, O is the current value of the orbit, L contains the new elements computed during the previous iteration, and N contains the new elements computed during the current iteration:
We first create a large Maple array, called orbitarray, with 2 N − 1 entries, where
is the number of entries in the tensors under consideration. The indices of orbitarray correspond to nonzero tensors: for an index i = 1, . . . , 2 N −1 we first decode i by writing it as a binary numeral of N bits (adding leading 0s if necessary), and then unflatten this binary numeral to obtain the corresponding tensor. To start, every entry of orbitarray is set to 0. We then perform the following iteration:
Procedure findorbit takes the index i, decodes and unflattens it to the corresponding tensor X, uses the spinning algorithm to generate the orbit O(X), and sets the corresponding entries of orbitarray to the orbit index ω. Upon termination, ω equals the total number of orbits for the group action, and orbitarray represents the function which assigns to each tensor the index number of its orbit. The natural order of the index numbers of the orbits agrees with the lex order on the minimal elements in the orbits (the canonical forms of the tensors). The next step is to compute the ranks of the orbits. We create another Maple array, called linkarray, of the same size as orbitarray. We use the data from orbitarray to set entry i of linkarray (representing the tensor X) equal to the index j of the next tensor in lex order in the orbit containing X. We then create another Maple array of the same size, called rankarray, and initialize every entry to 0. We generate all simple tensors (tensor products of nonzero vectors) and set the corresponding entries of rankarray to 1. Each index i for which rankarray[i] = 1 represents the encoding of a tensor of rank 1. Let E denote the minimal tensor of rank 1: its flattening is [0, . . . , 0, 1]. We then perform the following iteration: • Use linkarray to store oldrank + 1 in every entry of rankarray corresponding to the tensors in the orbit of Y .
The iteration terminates when every entry of rankarray contains a positive integer, which is the rank of the corresponding (nonzero) tensor. Table 4 . Small orbits of 4 × 2 × 2 tensors
For p = 5 and p = 6 we obtain the same canonical forms with the addition of more leading 0s in the flattenings of the tensors; thus in both cases there are 10 nonzero orbits with maximum rank 4. The orbit sizes, using the order of The orbit sizes, using the order of For the orbit sizes and canonical forms, see Table 6 . This computation took less than 30 seconds.
# rank canonical form For the orbit sizes and canonical forms, see Table 7 . This computation took less than 45 minutes.
In this and the following section, the formats have three (or four) equal dimensions. We exploit this symmetry in order to reduce the number of orbits to a manageable size. For 3 × 3 × 3 tensors, the large group acting on the tensors is
where the symmetric group S 3 permutes the three directions. As in the previous sections, we first compute the small orbits obtained by the action of the direct product of general linear groups. We then apply the permutations to determine which small orbits combine to make a single large orbit under the action of G. Given the canonical form X of a small orbit O with index number i, we apply the Table 7 . Small orbits of 4 × 3 × 2 tensors For p = 3, the large group acting on the tensors is
where S 3 permutes the last three directions. We follow the same approach as the previous section, but now there are 2 24 = 16777216 tensors. The small group order is 168 · 6 3 = 36288, and the large group order is 6 · 168 · 6 3 = 217728. There are 696 (nonzero) small orbits and 212 (nonzero) large orbits, with maximum rank 6: 
